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ON THE GEOMETRY OF FOUR DIMENSIONAL
RIEMANNIAN MANIFOLD WITH A CIRCULANT
METRIC AND A CIRCULANT AFFINOR STRUCTURE
DIMITAR RAZPOPOV
Abstract. We consider a 4-dimensional Riemannian manifoldM
with a metric g and an affinor structure q. We note the local
coordinates of g and q are circulant matrices. Their first orders
are (A,B,C,B), A,B,C ∈ FM and (0, 1, 0, 0), respectively.
Let ∇ be the connection of g. Further, let µ1, µ2, µ3, µ4, µ5, µ6
be the sectional curvatures of 2-sections {x, qx}, {x, q2x}, {q3x, x},
{qx, q2x}, {qx, q3x}, {q2x, q3x} for arbitrary vector x ∈ TpM , p ∈
M . Then we have that q4 = E; g(qx, qy) = g(x, y), x, y ∈ χM .
The main results of the present paper are
1) There exist a q-base in TpM , p ∈M .
2) if ∇q = 0, then µ1 = µ3 = µ4 = µ6, µ2 = µ5 = 0,
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1. Introduction
The main purpose of the present paper is to continue the considerations on the
differential geometry of Riemannian manifolds with a circulant metric g, and a
circulant affinor structure q [1], [2], [3], [4].
Let M be a Riemannian manifold with a metric g and affinor structure q, such
that [4]:
(1) gij =


A B C B
B A B C
C B A B
B C B A

 , q.ji =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 ,
where detgij = (A − C)2((A + C)2 − 4B2), and A = A(p), B = B(p), C =
C(p), p = (x1, x2, x3, x4) ∈ D ⊂ R4 are smooth functions in the local coordinate
system {x1, x2, x3, x4}. We suppose
(2) 0 < B < C < A.
By virtue of [2] we easily get that g is positively defined metric.
We know from [4] that
(3) q4 = id, q 6= ±id, q2 6= ±id
(4) g(qx, qy) = g(x, y), x, y ∈ χM.
Let ∇ be the Levi-Chivita connection of g and R be the curvature of ∇, i.e
R(x, y)z = ∇x∇yz − ∇[x,y]z. We consider the associated with R tensor field R
of type (0, 4), defined by the condition
R(x, y, z, u) = g(R(x, y)z, u), x, y, z, u ∈ χM.
Then we have
(5) ∇q = 0⇔ gradA = gradC.q2, gradB = gradC.(q + q3)
(6) ∇q = 0⇒ R(x, y, qz, qu) = R(x, y, z, u), x, y, z, u ∈ χM.
Further in our considerations we suppose that M owns all properties (1)–(6).
2. q-bases
Theorem 2.1. Let M be a 4-dimensional Riemannian manifold with a metric g
and an affinor structure q with local coordinates (1). If p is a point in M and x is
an arbitrary vector in TpM then there exist a q-base in TpM .
Proof. Let p ∈ M , x = (x1, x2, x3, x4) ∈ TpM , and qx 6= x, q2x 6= x. Then using
(1) we easily see that the determinant of the coordinates of x, qx, q2x and q3x is
not zero. So, {x, qx, q2x, q3x} is a q-base in TpM . 
Theorem 2.2. Let M be a 4-dimensional Riemannian manifold with a metric g
and an affinor structure q with local coordinates (1). If p is a point in M and x is
an arbitrary vector in TpM then there exist an orthonormal q-base in TpM .
Proof. Let p ∈M , x = (x1, x2, x3, x4) ∈ TpM . We suppose that
x4 = 0, x2 =
√
A+B − 2C −√A+B + 2C
2
√
A+B − 2C√A+B + 2C ,
and x1 and x3 satisfy the following system
x1 + x3 =
√
A+B − 2C −√A+B + 2C
2
√
A+B − 2C√A+B + 2C ,
x1x3 =
2B2 − C2 −AC
2(A− C)√A+B − 2C√A+B + 2C .(7)
The solutions of the system (7) are solutions of the square equations with discrim-
inant
D = (x1 + x3)2 − 4x1x3 = A
2 + C2 + 2AC + (A− C)
√
(A+ C)2 − 4B2 − 4B2
2A− C((A+ C)2 − C)− 4B2 .
We have D > 0 because of (2).
Now we can verify directly that g(x, x) = 1, g(x, qx) = 0, g(x, q2x) = 0 and
consequently, on due to (1), we see that g(x, q3x) = g(qx, q2x) = g(qx, q3x) =
g(q2x, q3x) = 0. So, {x, qx, q2x, q3x} is an orthonormal q-base. 
An example. Let p ∈ M and {x, qx, q2x, q3x} be a q-base in TpM . Let
L, N, S, T be four points in TpM such that PL = x, PN = qx, PS = q
2x,
PT = q3x. Let α and β be the corresponding angels between x and qx, and x and
q2x, respectively. Using (1)–(4) we get
∥∥LN∥∥ = ∥∥LT∥∥ = ∥∥ST∥∥ = 2 ∥∥x∥∥2 (1−cosα),
∥∥LS∥∥ = ∥∥NT∥∥ = 2 ∥∥x∥∥2 (1 − cosβ). We see that LNST is a pyramid with six
sides which are all congruent isoseles triangles. The angles of such a side of the
pyramid we note by γ and δ, so 2γ + δ = pi. They satisfy
cos γ =
1− cosβ
2
√
1− cosα√1− cosβ , cosδ =
1− 2 cosα+ cosβ
2(1− cosα) .
Evidently, in the case when {x, qx, q2x, q3x} is an orthonormal q-base then the
every side of the pyramid is an equilateral triangle.
3. curvatures
Let p be a point in M and x, y be two linearly independent vectors on TpM . It
is known the value
(8) µ(E; p) =
R(x, y, x, y)
g(x, x)g(y, y)− g2(x, y)
is the sectional curvature of 2-section E = {x, y}.
For a vector x = (x1, x2, x3, x4) from TpM we suppose ((x
1 − x3)2 + (x2 −
x4)2)(x1−x2+x3−x4)(x1+x2+x3+x4) 6= 0. By using (3) we get that the vectors
x, qx, q2x, q3x are linearly independent.
Theorem 3.1. Let M be the Riemannian manifold with a metric g and a parallel
structure q, defined by (1) and (2), respectively. Let p be a point in M and x be an
arbitrary vector in TpM . Then the sectional curvatures of 2-sections E1 = {x, qx},
E3 = {q3x, x}, E4 = {q2x, qx}, E6 = {q2x, q3x} are equal among them, and the
sectional curvatures of 2-sections E2 = {x, q2x} E5 = {q3x, qx} are vanish.
Proof. From (6) we find
(9) R(x, y, z, u) = R(x, y, qz, qu) = R(x, y, q2z, q2u) = R(x, y, q3z, q3u).
In (9) we get the following substitutions:
a) z = x, y = u = qx; x ∼ qx, z = x, y = u = q2x; z = x, y = u = q3x.
(10) R(x, qx, x, qx) = R(x, q3x, x, q3x), R(x, q2x, x, q2x) = 0.
b) z = x, y = qx, u = q2x; z = qx, y = u = q2x; z = x, y = q3x, u = q2x;
z = qx, y = u = q3x.
R(x, qx, x, q2x) = R(x, q2x, qx, q2x) = R(x, q3x, q2x, x) = R(x, q3x, qx, q3x) = 0
c) z = x, y = qx, u = q3x; z = qx, y = u = q2x; z = qx, y = qx, u = q2x;
z = q2x, y = qx, u = q3x.
−R(x, qx, x, q3x) = R(x, qx, qx, q2x) = R(x, qx, q2x, q3x) = R(x, qx, x, qx)
d) z = qx, y = qx, u = q3x; z = qx, y = q2x, u = q3x; z = q2x, y = q2x,
u = q3x; z = q2x, y = qx, u = q3x.
R(x, q2x, qx, q3x) = R(x, q2x, q2x, q3x) = R(qx, q2x, qx, q3x) = 0
e) z = qx, y = q3x, u = q2x; z = q2x, y = u = q3x; x ∼ qx, z = q2x, y = q2x,
u = q3x; x ∼ qx, z = q2x, y = u = q3x.
−R(x, q3x, qx, q2x) = −R(x, q3x, q2x, q3x) = R(qx, q2x, q2x, q3x) = R(x, qx, x, qx)
and
R(qx, q3x, q2x, q3x) = 0
f) x ∼ qx, z = qx, y = q3x, u = q3x; x ∼ qx, z = qx, y = q2x, u = q2x; x ∼ q2x,
z = q2x, y = q3x, u = q3x.
(11) R(qx, q3x, qx, q3x) = 0
(12) R(qx, q2x, qx, q2x) = R(q2x, q3x, q2x, q3x) = R(x, qx, x, qx)
From (4), (8), (10)–(12) we get
µ(E1; p) = µ(E3; p) = µ(E4; p) = µ(E6; p) =
R(x, qx, x, qx)
g2(x, x) − g2(x, qx) .
µ(E2; p) = µ(E5; p) = 0.
By virtue of the linear independence of x and qx we have
g2(x, x) − g2(x, qx) = g2(x, x)(1 − cosϕ) 6= 0,
where ϕ is the angle between x and qx. 
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